The Bentley-Ottmann (BO) algorithm, initially designed to report the intersection points of line-segments in the plane, is the prototypical sweep-line algorithm. This video presents an extension of the BO algorithm to the spherical setting, so as to compute the exact arrangement of a collection of circles on a sphere. An application in bio-chemistry, geared towards the investigation of atomic environments and multi-body interactions in macro-molecules, is also presented. The reader is referred to [1] for the companion paper of this video.
BENTLEY-OTTMANN: FROM THE PLANE TO THE SPHERE
⊲ Bentley-Ottmann. Sweep-line algorithms are based on the Bentley-Ottmann algorithm [4] , which was developed to report intersections between line-segments. The algorithm consists of moving a vertical line V, and to maintain a vertically sorted list of segments intersected by this line. Housekeeping operations are performed at discrete events, which are the segments' endpoints and the intersection points. At endpoints, segments are added or removed from the vertical ordering. At intersection points, segments through a given point are permuted along the vertical ordering. Whenever two segments get consecutive along the ordering, they are tested for intersection. If any, their intersection is scheduled for processing -the intersection point is processed when encountered by the the sweep-line. ⊲ Sweeping a normal circle. If we try to apply the BO algorithm to circles in the plane, the two tangency points between the circle and a vertical line induce a decomposition of the circle into x monotonic circle arcs. Can we extend this decomposition to the spherical setting? The answer is Yes. To see how, consider a sphere S0 endowed with cylindrical coordinates, and replace the sweep line used in the plane by a meridian anchored at the north and south poles. Rotating this meridian M by varying θ in-between 0 and 2π yields the sweep process. The decomposition of the circle aforementioned is now clear : it is induced by the distinct tangency points between the circle and the meridian. These points, called the critical points, decompose the circle into two circle arcs which are θ monotonic, and play a role similar to that of x monotonic line-segments in the plane. Such a circle is called a normal circle -see section 2. Summarizing, events are associated to critical and intersection points. ⊲ Arrangement of normal circles. Consider a collection of normal circles. Starting with our meridian M at θ = 0, we first compute the z coordinates of circle arcs intersected, so as to initialize the vertical ordering of the θ monotonic circle arcs. We then test every pair of consecutive arcs along M for intersection, and schedule the intersection points as new events.
The algorithm detects all the intersection points, from which the arrangement is reported using an Halfedge Data Structure. The endpoints of the halfedges are critical and intersection points. A face is incrementally constructed as a collection of halfedges describing the same closed and connected region of S0. When the meridian M finally reaches 2π, the vertical ordering of circle arcs matches that initially obtained at θ = 0, from which the faces cut by the meridian are closed. Upon completion of the sweep process, the sphere is decomposed into faces.
THE FOUR CLASSES OF CIRCLES
Unfortunately, all circles found on a sphere are not as simple as those in the previous case, which are called normal circles. Apart from normal circles, there are three types of degenerate circles: (i) A circle passing through the two poles is called a bipolar circle. (ii) A circle passing through a single pole is called a polar circle. (iii) A circle threaded on the z axis is called a threaded circle (see Fig. 1 ).
To capture the difficulties inherent to these circles, consider the way they are intersected by the sweep meridian: (i) A bipolar circle yields two values of θ such that the meridian is included in the plane of the bipolar circle. (ii) A polar circle yields two values of θ such that the meridian is tangent to the circle at the pole. Between these two values of θ, the meridian intersects the circle in one point, different from
DEGENERATE SITUATIONS
⊲ Degeneracies.
Apart from degenerate circles, which are inherent to the coordinate system used, the problem of computing the arrangement faces difficulties due to degenerate configurations of circles on sphere S0. Generically, two circles intersect in two points, if they intersect at all. Let us now enumerate all possible degenerate cases involving a minimum number of circles on a sphere S0. These cases are: (i) Two intersection circles usually intersect in two points but they may be tangent. (ii) We obtain a degenerate case if a third circle passes through the two intersection points of two circles. (iii) We obtain another degenerate case if the third circle just passes through one intersection point.
It can be checked that an arbitrarily degenerate case is a combination of these simple cases. ⊲ Event sites. To handle situations where several circle arcs pass through the same point, we introduce the structure of event site. An event site is a collection of events colliding at the same (θ, z) event point on S0. Moreover, within an event site, events are sorted by type: end events, start events, and intersection events. Only events corresponding to consecutive arcs along the meridian in the neighborhood of such a degenerate point are actually recorded. These events are used for inserting circle arcs of starting circles, removing circle arcs of ending circles, and detecting new intersection points. Equipped with this structure, we can handle any degenerate case. ⊲ A very degenerate example - Fig 2. Consider a point on S0. Then add to S0 the bipolar circle passing through this point, together with one circle starting and another one ending at this point. To be complete, please add pairs of circles tangent at that point along a number of different tangency directions, and among them do not forget a pair of polar circles. If you think it is not degenerate enough, repeat this construction at a numerable number of points on S0: the spherical BO algorithm handles such degenerate examples, as we use exact predicates. The evaluation of these predicates relies on the comparison of algebraic numbers of degree two [2] .
BALLS IN STRUCTURAL BIOLOGY
⊲ Atomic environments. We developed this algorithm to model atomic environments in macro-molecules, as a follow-up of a paper establishing pairwise contacts fall short from providing satisfactory bio-chemical informations [3] . Consider the case of a macro-molecular complex featuring two proteins, an antibody and an antigen in this case (Protein Data Bank code 1vfb). Let us focus on a particular atom, for example a nitrogen atom located at the interface between two proteins consisting respectively of one and two polypeptidic chains. (On the video, the nitrogen atom is represented in green, while the chains are respectively depicted in gray and red-blue .)
The proteins are represented as Van der Waals (VdW) models, the atomic radii being the so-called expanded radii, which account for the fact hydrogen atoms have been discarded. To model the environment of the atom, we focus on the spheres intersecting its VdW sphere. On our example, the atom is intersected by four atoms from its chain, and one atom of the blue chain. Consider now the arrangement of intersection circles, which encodes the atomic neighborhood of this atom. This arrangement contains 8 faces, one of them containing one hole, and one of them containing two holes.
If we now enlarge the radius of atomic sphere of proteins by 1.4Å, to account for an implicit solvation model, 51 spheres now intersect the nitrogen atom. The arrangement becomes dense, as it features 1004 faces.
⊲ Conclusion. Arrangements of circles on a sphere provide a complete encoding of multi-body interactions between an atom and its environment. Their classification and biochemical interpretation yet have to be investigated. Still, they refine our view of inter-atomic interactions, which were essentially based on pairwise contacts and on the molecular surface getting buried upon formation of an interface. Right: zoom about a point where 13 circles have 6 different directions of tangency. This point is a critical (intersection) point for 2 (10) circles, and is crossed by a bipolar circle. Euler characteristic reads as 674−1384+712 = 2.
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